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What are Sets?

A well-defined collection of objects is called a set. The constituent objects of a set are
called its elements.

(a) The set of all natural numbers, denoted as N = {1,2,--- }.
(b) The set of all integers, denotedas Z = {--- ,—1,0,1,--- }.
(c) The set of all real numbers, denoted as R.

(d) The set of all rationals, denoted as Q.

(e) The collection of all continents {Asia, - - - , Antarctica}.
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Basic Definitions

(1) If ais an element of A, we write a € A. If a is not an element of A, we write a ¢ A.
(2) A set can be defined in two ways.
(a) Listing all elements, e.g. A = {a, b, c}.
(b) Using a common property of its elements, e.g, A= {x e R| 0 <x < 1}.
(3) Discrete sets are written using curly brackets, e.g., {0, 1}.
(4) Continuous intervals are written as follows.
(a) openintervals: (0,1) ={x e R |0 <x < 1}.
(b) closed intervals: [0,1] ={x e R|0 <x < 1}.
(c) open-closed intervals: (0,1] ={x € R |0 <x < 1}.
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Basic Definitions

If B contains all elements of A, then A is called a subset of B, (denoted as A C B), and B is
called a superset of A. Formally, A C Bif a € A implies a € B.

(a) IfA={a,b,c} and B= {a,b,c,d, e}, then A C B.
(b) IfA=1{2,3,4} and B = {3,4, 5}, then neither A C Bnor B C A.

m If A has at least one element that is not a part of B, then A ¢ B.

Equality of Sets

Two sets A and B are called equal, denoted as A = Bif A C Band B C A. If A and B are
not equal sets, then we write A £ B.
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Basic Definitions

Proper Subset
A set A is called a proper subset of another set Bif A C Band B ¢ A.

Universal Set

In a given context, a universal set, U, contains all elements under consideration.
(a) While dealing with sets of integers, Z can be considered the universal set.

(b) While dealing with open intervals, R can be considered the universal set.

Empty Set

A set, ¢, is called empty if it does not contain any element.
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Basic Definitions

Proposition 1.1

An empty set, ¢, is a subset of any set.

Proof of Proposition 1.1

If ¢ is not a subset of another set A, then ¢ must have at least one element that is not
contained in A. This is impossible since ¢ is empty.

The power set of a set A, denoted as 24, is the collection of all subsets of A.
m If A = {a,b}, then 24 = {¢, {a}, {b}, {a,b}}.
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Set Operations

Complement of a Set

The complement of A, denoted as A, contains all elements of the universal set U that are
not elements of A. Formally, A° = {x € U | x ¢ A}. For example:

(a) f U=[0,1] and A = (0.5, 1], then A° = [0, 0.5].
(b) fU = {a,b,c} and A = {a, c}, then A° = {b}.

Proposition 1.2

For any set A, the following holds: (A°)¢ = A.

Proof of Proposition 1.2

Note that x € A <= x ¢ A <= x € (A°)°. Thus, A C (A°)° and (A°)° C A.
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Set Operations

The union of A and B, denoted as A U B, contains elements that are either in A or in B.
Formally, AU B = {x| x € A or x € B}. More generally, if I is an arbitrary index set, then

UAa = {x|x € A, for some a € I}
a€el

(a) If A= {a,b} and B = {b,c,d}, thenAUB = {a, b, c,d}.
(b) If kN denotes the set of natural numbers divisible by k, then 2N U 4N = 2N.
(¢) IfA, =[0,1),Vn € N, then Upen Ay = [0, 1).
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Set Operations

Intersection of Sets

The intersection of A and B, denoted as A N B, contains elements common to both A and B,
i.e, ANB = {x| x € Aand x € B}. More generally, if I is an arbitrary index set, then

ﬂAa:{x]xeAaforallaeI}

a€cl

(a) If A= {a,b} and B = {b,c,d}, then AN B = {b}.
(b) If kN denotes the set of natural numbers divisible by k, then 2N N 3N = 6N.
(¢) IfA, = [0,1), Vn € N, then Npey Ap = {0}.

Probability and Stochastic Processes Lecture 1: Set Theory



Set Operations

Set Difference

For two arbitrary sets A and B, the set difference A \ B is defined as the collection of all
elements of A that are not included in B. Formally, A\ B = AN B°.

m IfA={a,b,c}, and B= {b,d}, then A\ B = {qa,c}.

Cartesian Product

The Cartesian product of two sets A and B is defined as:
A x B={(a,b)lacA,bec B}
m If A= {a,b} and B = {c,d}, then A x B= {(a,c), (b,c), (a,d), (b,d)}.
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Some Properties

Proposition 1.3

If A and {B, }«c; are arbitrary sets, then the following holds.
(@) AU (Uaer Ba) = Uaer (AUB,) (Associative Law)
(b) AN (Naer Ba) = Naer (AN B,) (Associative Law)
(©) AN (Uger Ba) = Uaer (AN B,) (Distributive Law)
(d) AU (Naer Ba) = Naer (AUB,,) (Distributive Law)

If A, B, C are arbitrary, then AN (BUC) = (ANB) U (ANC).
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Some Properties

Proof of Proposition 1.3(c)

Note the following implications.

X € AN (Uper Ba) <= x € Aand x € Uyes B,

<= x € Aand {x € B, for some o € I}
< {x€Aandx € B,} forsomea €1
<= x € ANB, forsome« €1

X € UaGI (A N Ba)

[

m Proofs of other propositions are left as an exercise.
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De Morgan’s Laws

Proposition 1.4

For arbitrary sets {A, }aer, the following holds.
(a) (Uael Aa>c - m0461 A(Cl
(b) (mael Aoz)C = Uqer Ag

Proof of Proposition 1.4(a)

X € (Uaer An)¢ <= X ¢ Uger Aa
— x¢A,foralla el
<= xe€ Ay foralla €l <= x € Nper A5,
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Basic Definitions

Cardinality of a Finite Set

The cardinality of a finite set A, denoted as |A|, is the number of elements of A.
m For example, if A = {a, b, c}, then |A| = 3.

m Although cardinality is only defined for a finite set, there are ways to extend the
notion of cardinality to infinite sets, as we will see later.

m It is easy to verify that |A x B| = |A||B| and [24] = 2/l

m If ANB = ¢, then |AU B| = |A| + |B|.
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Some Properties

Proposition 1.5

If A and B are arbitrary finite sets, then the following holds.
(@) (ANB)N(A\B) = ¢.

(b) (ANB)U(A\B) =A.

(@ AN(B\A) =¢.

(d AU(B\A)=AUB.

(e) |A\B| = |A[ - |ANB|.

(f) [AUB| = |A| + |B| — |ANB].
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Some Properties

Proof of Proposition 1.5

Let U be the universal set. We have the following.

(a) (ANB)N(A\B) = (ANB)N(ANB)=AN(BNB°) =AN¢ = ¢.
(b) ANB)U(A\B) = (ANB)U(ANB°)=AN(BUB°) =ANU=A.
(c) AN(B\A) =AN(BNA°)=BN(ANA°) =BN¢=¢.

(d) AUB\A) =AU (BNA°)=(AUB)N(AUA°) = (AUB)NU=AUB.
(e) Dueto (a) and (b), [ANB|+ |A\ B| = |A|.

(f) Dueto (c) and (d), |AU B| = |A| + |B\ A| = |A| + |B| — |AN B.
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Some Properties

Proposition 1.6

If A, B, C are arbitrary finite sets, then the following holds.

IAUBUC| = |A| + |B| + |C| — [ANB| — [BNC| — [CNA| + |[ANBNC|

Proposition 1.7 (Inclusion-Exclusion Principle)

IfAy,--- , A, are arbitrary finite sets, then the following holds.

UiAl = Y 1A= Y JANAl+ -+ ()™ AIN N A
1<i<n 1<i<j<n
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Some Properties

Proof of Proposition 1.6

Applying Proposition 1.5(f), we obtain the following.
JAUBUC| =|A|+|BUC|—|AN(BUC)|
=|A|+ |B|+|C| - |BNC|—|(ANB) U(ANC)|
=|A|+|B|+|C|—|BNC|—|ANB|—|ANC|+ |(ANB)N(ANC)|
=|A|+|B|+|C|—]ANB|—|BNC|—|CNA|+|ANBNC]|

m The general inclusion-exclusion principle can be proven via induction (exercise).
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