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Introduction

m Consider a doctor trying to assess the condition of a patient by jointly looking at
multiple numeric indicators, such as heart rate, body temperature, blood pressure, etc.

m Here, the underlying measurable space (€2, F) is inaccessible because (£2, F)
describes the outcomes of every biochemical processes happening inside the body.

m The multiple indicators can be jointly described as a function X : 2 — R".

m Measurable space of the observer is (R", B(R")). Hence, every event in 5(R") must
translate to an event in F, i.e., X"1(B) € F, VB € B(R").

m A generalization of real-valued random variables.
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Borel o-algebra of R"

The Borel o-algebra of R", denoted as B(R"), is defined as the o-algebra generated by the
collection of subsets of R" of the form (—o0,a;] x -+ x (=00, ay], where ay, - - - ,a, € R.

Equivalent Definitions

B(R™") is the o-algebra generated by the collection of subsets of R" of the form
By X -+ X By, where B;, i € {1,--- ,n} is either of the following forms.

m (—00,d|, (—o0,a), [a,c0), (a,o0)

m [a,b), (a,b], (a,b), [a,b]
where a,b € Rand a < b.
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Random Vectors

Definition

A function X : ) — R" is called an R"-valued random vector associated with a measurable
space (9, F) if VB € B(R"), X~1(B) € F. Such a function is also called an F/B(R")-
measurable function, an /-measurable function, or simply a measurable function.

m R-valued random vectors are random variables.

Examples
Let Q = {a,b,c}, F1 = {¢,Q,{a}, {b,c}}, and F> = {6, Q, {a, b}, {c}}. f X : Q — R?
is such that X(a) = X(b) = (1, 2), and X(c) = (3, 3), then

m X is not F;-measurable because X! ({3,3}) = {c} ¢ Fi but it is F»-measurable.
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Multiple Random Variables

Proposition 12.1

Let (2, F) be a measurable space and X; : €2 — R be arbitrary, Vi € {1,--- ,n}. Define
X : Q — R"such that X(w) = (X1(w), -, Xn(w)), YVw € Q. The map X is an R"-valued
random vector on (€2, F) iff X; is a random variable on (2, F), Vi € {1,--- ,n}.

® In summary, X is 7 /B(R")-measurable iff X; is 7 /B(R)-measurable Vi € {1, --- ,n}.

m The proof is left as an exercise.
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Characterization of Random Vectors

The induced measure of a random vector X : {2 — R" associated with a probability space
(Q, F,P) is a function Py : B(R") — [0, 1] such that Px(B) = P(X~!(B)), VB € B(R").
m One can show that Py is a probability measure on (R", B(R")).

Definition

IfX= (X1, - ,Xn): Q — R"is arandom vector associated with a probability space
(Q, F,P), then its joint CDF is a function Fx : R" — [0, 1] such that

FX(X17"' 7Xl1) :P(Xl lea"' 7Xl1 an)7 V(X17"' 7X11) ER”
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Discrete Random Vectors

An R"-valued random vector X, associated with a probability space (£2, 7, P), is called a
discrete random vector if range(X) is countable.

If {X;}!_, are discrete random variables, defined on a probability space (€2, F, P), then
m X = (X, -+ ,Xy) is an R"-valued discrete random vector on ({2, F, P).
m The joint probability mass function (PMF) of X is a function px : R" — [0, 1] such
that the following holds V(x1,--- ,x,) € R™.

pX(Xlu" : 7Xn) - P(Xl = X1, 7Xn :Xn)
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Discrete Random Vectors

m > px(xi) =1, where ) is the sum over the range of X.

Let (2, F, P) be a probability space, where Q = [0, 1], F = B([0, 1]), and P : F — [0, 1]
be such that P([a, b]) = P((a,b]) =b —a, 0 < a < b < 1. Consider two F-measurable
functions X7, X5 : 2 — R such that

where n € {1, 2}. Find the joint PMF of (X1, X2).

Probability and Stochastic Processes Lecture 12: Multiple Random Variables



Discrete Random Vectors

N
NG = (3
m {X; = 1 ,Xo = 1} is the same event as (% 11N (3,1 = (3,1
m {X; =1,X, = 0} is the same event as (3,1] N[0, 3] = ¢
[ X1=0 X =1
Xo=0| 1 0
-1 § 3
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Continuous Random Vector

Definition
A random vector X : 2 — R", associated with a probability space (2, 7, P) is called a
continuous random vector if its induced measure Px can be expressed as follows

B) = [ hxix

for some fx : R" — [0, 00), and VB € B(R").
m fx is called the joint probability density function (PDF) of X.

m Since Px(R") = 1, we must have

fx(x)dx =
R"
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Continuous Random Vector

mIfX=(Xy, ---,X,),and Axq, - -+, Ax, are small, then
P(Xl SXl le +AX17"' » Xn SXn an+Axn) zfX(Xla"' ,Xn)AX1"'AXn

m Choosing B = (—00,x;] X -+ X (—00, X,], we get

Fx(x1, - ,xa) = Px(B) / / fx(x

m If partial derivatives of Fx exist at (x1,-- - ,X,), then

an
fx(x1, -+ xn) = mFx(le" , Xn)
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Continuous Random Vector

The joint density function of (X, Y) is given as follows.

2e~ () if 0 < x < 00,0 <y < 0

fxy(x,y) = {

0 elsewhere

Find the following probabilities.
(@ PX>1Y<1)

(b) P(X < a),where 0 < a < oo
() PX<Y)

(d) P(X+2Y<?2)
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Continuous Random Vector

[e9) 1
PX>1Y<1)= / / 2e~ W) dydx = e~ (1 — e72)
1 0

a oo
PX<a)=PX<aY<ox)= / / 2 Ot dydx =1 — €7@
0o Jo
o (0.9} (e o] 1
PX<Y) = / / 2e~ V) dydx = / e Hdx = =
0 X 0

1 p2—2y 1
P(X+2Y<2)= / / 2e~ ) dxdy = / 2 ¥(1—e 2 V)dy =1 — 32
0 0 0
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Marginal Distribution

m Let the joint PDF of (X, Y) be fx y. The marginal CDF of X is expressed below.

Fx(x) =P(X<x)=PX<x,YER) = / / fry(x,y)dydx’

m The marginal PDF of X is given as:

x) = /_OO fxy(x,y)dy

m If X, Y are discrete random variables, then the marginal PMF of X is P(X = x)
= Zyi P(X =x,Y =y;), Vx € R", where the sum is taken over the range of Y.
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Marginal Distribution

Let the joint PDF of (X1, X) be as follows:

1 1 X2 X2 2px1x2
fx1 xo (X1,X2) = exp <—{1_|_2_ })
17 (%) 2roy094/1 — p? 21— %) 02 " 02 o102

where x1,x3 € R, 02,03 > 0,and p € (—1,1). Show that X; ~ N(0, 7).

2 2 24,2 2
% Zexaxe (-px (X pa
0'% O'% 0102 0'% g9 01
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Marginal Distribution

Solution (Continued)
1 x2
> exp <22> x J where
> 1 1 2
J= eXpy 51 oy (X2 — px1> dxs
—0o \/2m03(1 — p?) 2(1=p*) \o2 o1

@ [ 1 y2>
= e —— |dy=1

m Therefore, fx, (x1) = ffooo fx1 % (X1, X2)dx2 =
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Marginal Distribution

m The random vector (X1, X2) is called a bivariate normal random vector with
(p1, pi2, 03,02, p) parameters, where p € (—1,1), and 02, o3 > 0 if its joint PDF is

1
VerPRA =)
X1 — p1)? X1 — X — Xo — pt2)>
exp (_2(1ip2) {( 1 2M1) _ 2000 = )X —pa) | (%o 2M2) })

09 0102 o5
m It can be shown that X; ~ N (i1, 0%) and Xo ~ N (2, 03).

fX1 X2 (Xla X2) -
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Independent Random Variables

The random variables {X;}! ,, associated with the probability space (2, 7, P) are called
independent if the following holds VBy, - - - , B, € B(R).

P(X, €By, -, X, € By) =P(X; €By)---P(X, € By)

Equivalent Definition

m Xy, - ,X, are independent random variables if

FXl,'",Xn(Xla"' 7Xn) :Fxl(xl)"'FXn(Xn)v V(Xl,--- 7Xn) € R"

Probability and Stochastic Processes Lecture 12: Multiple Random Variables



Independent Random Variables

Equivalent Definitions

m If X = (Xy,---,Xp) is a discrete random vector, then X1, - - - , X, are called
independent random variables if the following holds V(x1, - - - ,x,) € R™.

P(X1 = X1, ,Xn :Xn) = P(Xl :Xl) oo P(Xn :Xn)

m If X = (X, - ,X,) is a continuous random vector, then X1, - - - , X, are called
independent random variables if the following equality holds V(x1, - - - ,x,) € R™.
fx1, - xa (X1, Xn) = fx (x1) - fx, (Xn)
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Independent Random Variables

Check if the random variables X, Y are independent whose joint PMF is given below.

| X=1|X=2|X=3

=1 0.1 0 0.25
2] 0.3 0.35 0

m Note that P(X = 2) = 0.35, P(Y = 1) = 0.35.
m However, P(X=2,Y=1)=0#PX=2)P(Y=1).
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Independent Random Variables

The joint PDF of X, Y are given as follows. Check if they are independent.

6xy? if0<x<1,0<y<1
0 elsewhere

fxy(x,y) = {

mLet0<x<1,0<y<1. Clearly, fx(x) = fol 6xy%dy = 2x, and
fy(y) = [, 6xy2dx = 3y>. Hence, X, Y are independent.
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Independent Random Variables

Let A, B, C be independent uniform random variables in (0, 1). Find the probability that
the quadratic equation Ax> + Bx + C = 0 does not have a real root.

Solution

m The joint PDF of A, B, C is given as follows.

1 if(a,b,c) € (0,1)3
0 otherwise

fa.c(a,b,c) = {

m We need to find the probability of the event {B < 2v/AC}.
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Independent Random Variables

Solution (Continued)
1 1
P(B < 2VAC)=P (4 <ACK< 1> +P <B < 2VAC,AC < 4)

1 1 1
=P(-<A<1 — P ( B < 2VA AL -
<4< < ,C>4A>+ < S C,0< _4>

1
+P(B<2\/ <A<1C<4A>
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Independent Random Variables

Solution (Continued)
1 1 Loptopt ! 1 3 1
Pl-<A<1l,C>— )= dbdcda = 1-—)da=>—-1In(2
<4< == >4A) //41/0 caa /31< 4a)a 7 2@

4

1
1 1 1 r2vac
P<B§2\/AC,0<A§4>:/4// dbdcda
0 0 0

i L 2 1\*? 2 1
=2 d de=2x=x (= -
/Oﬁa/oﬁc ><3><<4> ><3 5

[
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Independent Random Variables

Solution (Continued)

1 1
P|{B<2VAC,-<A<1l,C< —
< a 74 ’ _4A)

1 pt r2ac 1 +
= / / / dbdcda = / 2va / Vcdeda
L Jo Jo 1 0
1y 1\%/?

m The required probability is % + % — éln(2) = 0.745.

Il
=
—

2
Q=

o,

Q

I

I

e

=

—
)
S~—
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Sum of Discrete Random Variables

Proposition 12.2

m Let X, Y be discrete random variables with range {0, 1, - - - }. The PMF of X + Y is:

n
PX+Y=n) =) PX=kY=n—k), Vne{0,1,---}
k=0
m Moreover, if X, Y are independent, then
n
PX+Y=n)=) PX=kP(Y=n—k), Vne{0,1, -}
k=0

m The same idea can be extended to obtain the PMF of X; + - - - + X,,.
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Sum of Discrete Random Variables

Let X ~ Poisson(A;) and Y ~ Poisson(\2) be independent random variables. Show that
X + Y ~ Poisson(A1 + A2).

~ M, AR
— — —Al —A2
P(X—i—Y—n)—k:Oe e (n— 1!
7(/\1+)\2) n )\ A n
_ ¢ M\ \kynak _ —(A+re) (AL + A2)
B n! g <k> ks = o n!

foranyn € {0,1,---}.
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Sum of Discrete Random Variables

Let X ~ Binomial(m, p) and Y ~ Binomial(n, p) be independent random variables. Show
that X + Y ~ Binomial(m + n, p).

forany r € {0,1,--- ,m + n}, where we use the notation that () = 0if a < b.
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Sum of Discrete Random Variables

")-

m Out of m men and n women, the number of ways r persons can be chosen is (

m The number of ways r — k men and k women can be chosen is (,",) (7). Hence,

2000 -(")

k)\r—k) r

k=0

m Recall that Bernoulli(p) is the same as Binomial(1, p). Hence, if X; ~ Bernoulli(p),

i € {1,---,n} are independent, then
Xi + -+ + X, ~ Binomial(n, p)
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Sum of Discrete Random Variables

Let X ~ NB(r,p) and Y ~ NB(s, p) be independent random variables. Show that
X+ Y~ NB(r+s,p).

n

PE+Y=n)=) (I;: Dpr(l -p)*’ (n ;f; 1>ps(1 —p)

k=0

n—1 r+s n—r—s
prm— 1 p—
(r FS= 1>p (1-p)

where we use the notation that (7) = 0if a < b.
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Sum of Discrete Random Variables

m Place n — 1 distinct boxes in a row. Our goal is to choose r + s — 1 boxes from this

collection, which can be done in (,""!,) ways.

m Let the rth chosen box be the kth one in the row. The r — 1 boxes on its left can be
chosen in (¥_1) ways whereas the s — 1 boxes on its right can be chosen in ("_*;*)

s—1
ways. Therefore,
i<k—1><n—k—1>_< n—1 >
s r—1 s—1 r+s—1

m Geom(p) is identical to NB(1, p). If X; ~ Geom(p), i € {1,--- ,n} are independent,
then X; + - -- + X, ~ NB(r, p).
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Sum of Continuous Random Variables

Proposition 12.3

m If the joint PDF of X, Y is fx y, then the PDF of X + Y'is given as:

fx+y / fXY X,Z — X)dX Vze R

m Moreover, if X, Y are independent with PDFs fx and fy respectively, then

fx+y / fX fy(Z — X)dX Vze R

m The same idea can be extended to obtain the PDF of X; + - - - + X,,.
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Sum of Continuous Random Variables

Proof of Proposition 12.3

m If fx y is the joint PDF of (X, Y), then the CDF of X + Y is:

Fx+y(l) = /_Oo /;Zx fX,Y(X7Y)dydx

m Differentiating with respect to z, we get:

fx+v(z) = /OO fxy(x,z — x)dx

—00
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Sum of Continuous Random Variables

panple

Let X, Y be independent uniform random variables in (0, 1). Find the PDF of X + Y.

m Note that fx;y(z) = 0ifz < 0orz > 2. Choose z € (0, 1].

Z
o = [0
0
m Choose z € (1,2). We have:
1
fx+v(z) = / dx=2-z
z—1
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Sum of Continuous Random Variables

Example

If Xy ~ N (pux, a,f), k € {1,2} are independent, then X; + X5 ~ N (u1 + po, 02 + 03).

(S _ 2 oy — 2
fX1+X2 (Z) — /;OO 27(01.10-2 exp (_ |:(X 20-/-%1) + (Z X MQ) :|> dX

2
205

o] 1 2 _ _ _ 2
@ / exp <— [}’2 4F G —p2=y) ]) dy
oo 2MO1 02 207

2
205

where (a) follows from the substitution that y = x — p;.
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Sum of Continuous Random Variables

Solution (Continued)

m Leta =z — pu; — po. Note that

' la-y? (oi+od\ , 2a &
—+ 5 = ) -yt =
01 03 0103 09 09
(RN 2 () )
otos of + 03 5
_ U%—l—a% 7 ao’% 2 a?
O'%O’% 0%—#05 0%—#05




Sum of Continuous Random Variables

Solution (Continued)

(z — p1 — p2)?
= —(— -~ "~ | xJwh
fX1+X2 (Z) eXp ( 2(0_1 + 0_2) where
o 1 ol 4o ac? 2
J= — L - == d
/_OO 2mo109 o ( < 20%0% ) {y (0% + 0’%)} Y

() /OO 1 < 22) o 1
= —————exp | ——= =
—o0 2my/0% + 03 2 V2m(0% + 03)
2

2, 2
a
where (a) uses z = 7ito% {y - U]‘}

2 2 2 2
0103 o1+ 05
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Sum of Continuous Random Variables

If X ~ Gamma(a, \) and Y ~ Gamma(f3, \) are independent random variables, then
X+ Y~ Gamma(a + 5, \).

m Choose z > 0. Note that fx(x) > 0 forx > 0 and fy(z — x) > 0 forx < z.

3 Z \aye—lo—Ax )\'B(Z _ X),B—le—/\(z—x)
frort) = | i 7 R

() ACH_BZOH_ﬂ_le_)‘Z

1
= T T(@)rp) J) e
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Sum of Continuous Random Variables

Solution (Continued)

m Step (a) uses y = x/z substitution. Finally,
)\a+Bza—|—ﬂ—1e—)\z )\a—i—ﬁza-i—ﬂ—le—)\z

fx+v(z) =

B(a75) —

INCYING)

m Recall that exp() is identical to Gamma(1, \). Therefore, if X; ~ exp(\),
i € {1,---,n} are independent, then

Ia+ pB)

X + -+ X, ~ Gamma(n, \)
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Product of Random Variables

Let X1, X2 be independent log-normal random variables with parameters (y1, 07) and
(pa,03), respectively. Find the PDF of X; X».

m Note that Y, = In(X,) ~ N (n, 02), where n € {1,2}.
m Since Y1, Y; are independent, Y; + Y ~ N (1 + po, 02 + 03).
m Observe that Y1 + Yo = In(X;X5).

m Hence, X1 X5 is log-normal with parameters (1 + po, 0% + 03).
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Product of Random Variables

Proposition 12.4

If X, Y are positive random variables with joint PDF fx y, then the PDF of XY is given as:

fxy(z) = /OOO %fx,y (X, )Zf() dx, z>0

Proof of Proposition 12.4

m Choose z > 0. Note that .
Fxy(z) Z/ /X fx,y(x,y)dydx
o Jo

m Differentiating with respect to z, we get the result.
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Product of Random Variables

Let X1, X, be independent Pareto random variables with parameters (a;, A1) and (az, A2),
respectively. Find the PDF of X; X.

m Note that fx, x,(z) = 0if z < a;as. Choose z > a;as. Note that

i 1
_ [ Ly 00 (2
o, (2) /a Ma) reay? (%)

1

—(A2+1)

Z

. B (i
~ Aheaalz <A2+1)/ K2 h=1) gy
a
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Product of Random Variables

Solution (Continued)

m If \; # Ao, then one arrives at the following.

A A2—A1
fX1X2 (Z) = " 1_ 2)\1 ai\laézz—()\z-i-l) { <GZQ> . ai‘z_h}

. AlAQ Z_l VA _Al__ V4 e
a Ao — A1 a;az aaz

m If A\; = Xy, then the following holds.

frox, (2) = MAeay ay?z= A2t In <Z>
aas
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Ratio of Random Variables

Let X1, X2 be independent log-normal random variables with parameters (y1, 07) and
(pa, 03), respectively. Find the PDF of X; /X5.

m Note that Y, = In(X,) ~ N (n, 02), where n € {1,2}.
m Clearly, —Ys ~ N(—puz2,03).
m Since Y7, Y are independent, Y1 — Yo = In(X1/X2) ~ N (u1 — p2, 03 + o2).

m Therefore, X; /X5 is log-normal with (1 — p2, 0% + 03) parameters.
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Ratio of Random Variables

Proposition 12.5

If X, Y are positive random variables with joint PDF fx y, then the PDF of X/Y is given as:

fiyr(2) = /0 T

Proof of Proposition 12.5

m Choose z > 0. Differentiating the following CDF, we get our desired result.

0o pzy
Fx/y(2) :/0 /0 fx,y(x,y)dxdy
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Ratio of Random Variables

Let X, Y be independent uniform random variables in (0, 1). Find the PDF of X/Y.

m Note that fy/y(z) = 0 if z < 0. Choose z > 0. We have the following.

min{1,3} L ifo<z<1
zZ) = d = 2
fX/Y() /0 yY {1 ifl<z< oo

222
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