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Discrete Case

If (X, Y) is a discrete random vector defined on a probability space (€2, 7, P),andy € R is
such that P(Y = y) > 0, then Vx € R, we have:

PX=xY=y)
P(Y=y)
The function P(X = -|[Y = y) : R — [0, 1] is called the conditional PMF of X given Y = y.

m Notethat P(X =x]Y=y) > 0,Vx e R.
m ) P(X=x|Y=y) =1, where ), is the sum over range(X).

PX=x|]Y=y)=
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Discrete Case

Example

Let (€2, 2%, P) be a probability space such that Q = {a, b, c}, and P({a}) = 0.5, and
P({b}) =P({c}) = 0.25. If X3, X5 : Q — R are such that X; (a) = X;(b) =0, X;(c) =1,
and X5(a) = 0,X2(b) = Xa(c) = 1, find the conditional PMF of X; given X, = 1.

P({b})/P({b,c}) (0.5 ifx=0
PX;=x|Xo=1) = P(X;&X’ﬁ): D _ P({c})/P({b,c}) ={05 ifx=1
2 P({¢})/P({b,c}) |0 elsewhere
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Discrete Case

Example (Poisson Thinning)

Let the number of people entering a building be Poisson distributed with parameter \. If
each person entering the building is male with probability p, and female with probability
1 — p, independent of others, find the probability that exactly k males enter the building.

m Let X and Y respectively be the number of males and females entering the building.
m Clearly, X + Y ~ Poisson(\).
m Notethat P(X =k) => 2 P(X=k Y=r).
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Discrete Case

Solution (Continued)

m We have the following.

oo
PX=k =) PX=kY=r|[X+Y=k+r)xPX+Y=k+r)

r=0

2 (k+r by AT
:g( K )pk(l_p) S

2O S M1 =p)" (K
_e l(dp) Z[ ( rlp)] . Ap(lg)

m Hence, X ~ Poisson(Ap).
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Discrete Case

Let X7, X5 be independent Poisson random variables with parameters A;, Ao respectively.
Find the conditional PMF of X; given X; + X5 = n, wheren € {0, 1,--- }.

m Choose k € {0,1,--- ,n}. We have the following.
P(X1 =k X|+Xy = n)

P(Xlzk‘Xl—i—XQ:n):

P(Xl + X5 = n)
. P(X1 = k)P(XQ =n-— k)
- P(X1 + Xy = n)
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Discrete Case

Solution (Continued)

m Since X7, X, are independent, we have X; + X5 ~ Poisson(\; + A\2). Hence,

k n—k
ei>‘1 ﬁef)ﬁ )\2

k! (n—k)! <n) K n—k
PX; =k|X; +Xy=n) = = 1—
(X1 | X1 2 =n) e—(A1+A2)()\1+/\2)n k p(1-p)

n!

where p = A1 /(A1 + A2).
m The conditional distribution of X; given X; + X5 = n is Binomial (n, p).
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Discrete Case

Let X1, X5 be independent binomial random variables with parameters (m, p) and (n, p),
respectively. Find the conditional PMF of X; given X; + X5 = r, where r < m + n.

m Recall that X; + X5 ~ Binomial(m + n, p). Hence, for k € {0, --- ,r}, we have:
P(Xl = k)P(X2 =r— k)

P(X1 + Xy = r)
_ (P A —p)m (2P —p) (D)D)
("7")pr (L —pymn ("7")
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Discrete Case

m We use the notation that (/) = 0 fork > mand (,",) = 0 forr — k > n.
m Note that the conditional PMF is independent of p. The resulting PMF is called a
Hypergeometric distribution with (m, n, r) parameters.

m Recall that Bernoulli(p) is the same distribution as Binomial(1, p). Therefore, if
X1, X5 are independent Bernoulli random variables with parameter p, then the
conditional PMF of X; given X; + X2 = r can be computed similarly for r € {0, 1, 2}.
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Discrete Case

Let X1, X5 be independent negative binomial random variables with parameters (r, p) and
(s, p), respectively. Find the conditional PMF of X; given X; + Xo = n, wheren > r +s.

m Recall that X; + X5 ~ NB(r +s,p). Hence, fork € {r,r +1,--- }, we have:

P(Xl = k)P(X2 =n-— k)
P(X1 + X9 = n)

P(X1:k|X1+X2:n):
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Discrete Case

Solution (Continued)

Dp'@ - pkr (et — p)nhes

P(Xl =k | X1+ Xo = r) = ( i*ll)pr+s(1 _p)nfrfs
r+s—

() (D
(452

m We use the notation that (";ﬁl) =0ifn—k<s.

m Note that the obtained PMF is independent of p.
m Recall that Geom(p) is the same distribution as NB(1, p). Hence, similar results can
be obtained for independent geometric random variables.
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Continuous Case

Definition
Let (X, Y) be a continuous random vector with joint PDF fx y. If the marginal PDF of Y is

fy and y € R is such that fy(y) > 0, then the conditional PDF of X given Y = y is defined to
be a function fyy(-|y) : R — [0, o) such that

_ fxy(x,y)
fX|Y(X|.Y) - fY(,Y) , xeR

m Note that [, fyjy(x|y)dx = 1.
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Continuous Case

m If the underlying probability measure is P, then for any B € B(R), we have:

P(XcB|Y=y)= / fv(xly)dx

m Note that P(Y = y) = 0 for a continuous random variable Y. Therefore, the above
probability cannot be interpreted in the usual sense. Instead, it can interpreted as:

<Y<
PXeB|Y=y)= lim P(XeBy<Y<y+A4y)
Ay=0 Py <Y<y+Ay)
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Continuous Case

Let the joint PDF of (X, Y) be given as follows.

ylexp (— <;+y>> fo<x<o0,0<y <

0 elsewhere

fxy(x,y) =

Find P(X > 1|Y =y), where 0 < y < oo.

m Choose y > 0. We have: fy(y) = [, fx,v(x,y)dx.
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Continuous Case

Solution (Continued)

1 _x
fr(y) :e_y/ —e vdx=e"”
o Y

m The conditional PDF of X given Y = y can be expressed as follows.

Far(xly) = ie‘h(x > 0)

m The required probability is:
1 _x _1
P(X > l\Y:y):/ Cevdx=e
1y
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Continuous Case

Example (Bivariate Normal Distribution)

If the joint PDF of (X, Y) is given as follows for some p € (—1,1),

1

@rPo3oil—p)

1 {(X— ux)®  2p(x — px)(y — py) (y—uy)2})
- +

e —_—
P ( 2(1—p?) 202 ox0y 202

then prove that the conditional distribution of X given Y = y is N (uxy, 0)2(|Y), where

fX,Y(X7Y) - \/

0x
Hx|y = px + p;y(y — py) and 0)2(“, = o2(1 - p?).
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Continuous Case

m Recall that Y ~ N (yy, o2). Hence,
_ 1 v — MY)2
frly) = 27r012, =P ( 2012,
m Using fyy(xly) = fx,y(x,y)/fr(y), we obtain the following.

2
oOx
1 (X—MX—Pay(Y—MY))

exp | —
2(1 - p?)oy

fX\Y(X‘Y) = 27m)2((1 o)
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Continuous Case

Let X1, X5 be independent Gamma random variables with parameters («1, \) and (a2, ),
respectively. Find the conditional PDF of X; given X; + X5 = y, where y > 0.

m Recall that X; + X2 ~ Gamma(a; + ag, A).
m Note that fx, |x, +x, (x1]y) = 0if x; & (0,y). Choose x; € (0,y).

Ly —x) o)l —x)
le 1+Xa (X1 |y) B le +X2 (.Y) B fX1 +X2 (y)
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Continuous Case

Solution (Continued)

fX1 |X14+X2 (Xl |Y)
_degiTlerMpar(y —x)erlen0x) - D(ar +as)
B F(Oél)F(OQ) Aal+a2y&1+a2—le—)\y

__ 1 1 (M)‘“‘l (1 _ Xl)”‘l
B(an,a2)y \y y

m The obtained PDF is called a scaled Beta distribution.

m Exponential and Chi-squared are special cases of the Gamma distribution. Similar
results can be obtained for these distributions using the same method.
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Mixed Case

Proposition 13.1

Let X be a continuous random variable with PDF fx, and N be a discrete random variable.
If x,n € R are such that P(N = n) > 0, and P(N = n|X = x) is well-defined, then
P(N = nlX = )fx()

P(N =n)

Proof of Proposition 13.1

Px<X<x+ Ax|N=n)P(N=n)
=P(N=n|x<X<x+Ax)Px<X<x+A)

fX\N(X|n) =
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Mixed Case

Example

The probability of the occurrence of a head of a biased coin is modeled as a random
variable P that is Beta distributed with parameters (a, b), where a,b > 0. If the coin is
tossed m + n times, and it is observed that m heads and n tails occur, what is the
conditional PDF of P given this observation? Assume that the outcome of each toss is
independent of that of the others.

Solution

m Let N denote the number of occurrences of head in m + n trials.
m Note that P(N=m |P =p) = ("'")p™(1 — p)", ¥p € (0,1).

m
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Mixed Case

Solution (Continued)

m The PDF of P can be expressed as follows.

1 a—1 b—1
= 1-— 0 1
folP) = g pP (L=P7, 0<p<
m Moreover, P(N = m) can be computed as follows.
1
P =m) = [ PO =m|P=pfe(p)p
_ (mn—:n) /1pa+m—1(1 _p)b-i—n—ldp _ (mr-:l_n) B(a +m.b+ n)
B(Cl,b) 0 B(aab) ’
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Mixed Case

Solution (Continued)

pa+m71(1 _p)b+n71
= B(a+ m,b +n)
0 elsewhere

i) = - ’("A’[ijl;)fp(p)

ifpe (0,1)

m The conditional distribution of P given the observation is Beta(a + m, b + n).

m If the prior is a beta, and the likelihood is a binomial distribution, then the posterior is
again a beta distribution. Due to this reason, Beta distributions are called conjugate
priors of the binomial likelihood.

m Applications in Thompson sampling in Bayesian RL.
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Mixed Case

Example

Let W ~ Gamma(a, A). Assume that the conditional distribution of X given W = w,
where w > 0, is Poisson(w). Show that the conditional distribution of W given X = k,
where k € {0,1,---},is Gamma(a + k, 1 + ).

/OOOP — KW = w)fiw(w)dw

00 W Aa a—1o—Aw PGS e7(1+/\)wwk+a71
/ e S —dw= % / dw
0 ING)) K Jo I'(c)
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Mixed Case

Solution (Continued)

m Substituting y = (1 + \)w, we get:
A& 00 efyykJrafl )\a]:\(k+ Od)
)k+a 0

P(X=k) =

k(1 + A rm)‘wzkwmxy+ﬂﬂa

m Note that fiyx(w|k) = 0 for w < 0. Take w > 0. Using Proposition 13.1, we get:
. wK \@pya—1lo—Aw
T T(a) 1 4 N)kFayatk—lo—(1+A)w
fx(Wl) = —rr g — =
AT(k + ) I'k+ «)
KIT () (1 4 \)kta

e
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