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Introduction

Proposition 14.1

Let (X1, X2) and (Y7, Y2) be jointly continuous random variables with joint PDFs fx, x,,
and fy, v, , respectively such that X; = hy (Y1, Y2) and X5 = hy(Y1, Y5). Assume that

(a) for each pair (y1,y2), there is a unique pair (x1,x2), and vice versa.

(b) the functions h; and hs have continuous partial derivatives such that V(y1,y2)

Ohy(y1,y2) Ohi(y1,y2)

B oy dy2
T3 = oha(y1,y2)  Oha(ya,yz) | 7O
8}11 8}’2

The following holds: fy, v, (y1,y2) = fx; x, (h1(y1,¥2), ha(y1,y2))|J(y1,¥2)|, Y(y1,¥2)-
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h(y1 + Ay1, y2 + Ays)
(y1+ Ay1, y2 + DAy2)

(y1.¥2)

h(y1,y2)




Introduction

Proof Intuition of Proposition 14.1

m If Ay, and Ay, are small, then

P((Y1,Y2) € [y1,y1 + Ay1] X [y2,y2 + Aya]) = fri,v. (y1,¥2) Ay1Ays

m (Y1,Y3) € [y1,y1 + Ay1] X [y2,y2 + Ays] is the same event as (X1, X2) lying in the
(approximate) parallelogram, whose side vectors are (a;, az) and (b1, b2), where:
ahj(Yla)’Q)
— YA
an Y1
ahj (v1,¥2)
dy2

aj = hj(y1 + Ay1,y2) — hj(y1,y2) =

bjZhj()’hJ/Z‘i‘A)Q)_hj(YM}’?)% Ay27 J€{172}
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Introduction

Proof Intuition of Proposition 14.1 (Continued)

m The area of the parallelogram is the absolute value of the following quantity.

Ohi(y1,y2) Ohi(y1,y2)

ay b1
as by

~ 8)/1 0y2 _
" |Oha(y1,y2)  Oha(y1,y2) Ai&yz = I, y2) A1 Ay

2%l Iy2
m We have the following relation.

P ((Y1,Y2) € [y1,y1 + Ay1] X [y2,y2 + Aya])
~ fx; X, (h1(y1,2), ha(y1,2)) [T (y1,y2)| Ay1Aye
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Applications

Example

If Y1 = X1 + X3 and Yo = X1 — X, express the joint PDF of Y1, Y5 in terms of fx, x,, the
joint PDF of X1, X5. In particular, find the joint PDF of Y7, Y5 if X7, X5 are independent
exponential random variables with parameters A; and )\, respectively.

m Note that X; = (Y7 + Y2)/2 and X» = (Y; — Y2)/2. Hence,

J(y1,y2) =

N[—= D=

m We get fy, v, (y1,y2) = fx, x, (P52, B522).
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Applications

Solution (Continued)

m Since X; and X are independent, the joint PDF of (X;, X5) is as follows.

A2 exp (—A1x1 — Aoxg)  ifx1,x0 >0
0 elsewhere

le,X2 (Xla X2) = {

m Hence, the joint PDF of (Y7, Y2) can be expressed as follows.

A1 o —Al(w)_)\z(ylﬂ’?) _
5 € ’ 27 ify; +ya,y1 —y2 >0
fry,y2) =9 2 y1+Yy2,y1—y

0 elsewhere

m Note that Y; and Y, are NOT independent, although X; and X5 are.

Probability and Stochastic Processes Lecture nctions of Random Vectors



Applications

If X1, X2 ~ N(0,1) are independent, find the joint PDF of (X; + X2, X1 — X3).

m Since X;, X, are independent, the joint PDF of (X1, X2) is:

1 x2 + x2
fx1 x2 (X1, X2) = o, €XP < 1 5 2) , ¥(x1,x9) € R?

m Let Y, = X; + Xy and Yo = X; — Xo. We have the following V(y1,y2) € R2.

1 Yi+ty2 yi—y2
fri,v.(y1,y2) = §fX1,Xz (

2 72
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Applications

Solution (Continued)

m Substituting the expression of fx, x,, we arrive at the following.

1 +y2)% + —y2)2> Lo <_y% +y§>

1
le,Yz (Yl,}’2) = in €xXp <— 3

m Hence Y7, Y5 ~ N(0, 2) and they are independent.

m After a transformation, an independent random vector (X;, X2) may or may not
remain independent.
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Applications

Let X, Y ~ N(0, 1) be independent. If (R, ©) is the polar coordinate transformation of
(X, Y), then find the joint PDF of (R, ©).

m We have X = Rcos© and Y = Rsin ©. Hence, the Jacobian is:

J(r,0) =

cos sinf |
—rsinf rcosf
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Applications

Solution (Continued)

m Since X, Y are independent, their joint PDF is given below.

1
fX,Y(XJ) = 5 €Xp

_x2 +y2
2

: ) V(x,y) € R?

m The joint PDF of (R, ©) is as follows Vr > 0 and V4 € (0, 27).

T (rcos)? + (rsin)?\  r r?
fro(r,0) = 3 OXP <— : = 5 exp

2

m Hence, R, O are independent, and R is Rayleigh distributed and © is uniformly
distributed in (0, 27).
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Applications

Let X ~ Gamma(a, \) and Y ~ Gamma(/3, \) be independent. Find the joint PDF of
U=X+YandV=X/(X+Y).

Solution
m Since (X, Y) are independent, the joint PDF of X, Y is:
)\axaflef)\x )\ﬁy,ﬁflef)\y

fxy(x,y) = ['(a) L'(B)

0 elsewhere
m Note that X = UV and Y = U(1 — V). The Jacobian is given below.

ifx,y >0
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Applications

Solution (Continued)

v u

=—u
1—v —u

J(u,v) = ‘

m The joint density function of (U, V) is expressed below.

fuv(u,v) = |ulfx,y(uv,u(l —v))
AotByatf—1,—Au va—l(l _ v)ﬂ—l ‘
_ T(at D) X B B) ifu>0,ve(0,1)

0 elsewhere

m Hence, U, V are independent, and U ~ Gamma(« + 3, A) and V ~ Beta(a, ).
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Applications

Let Xy, - - - , X, be independent and identically distributed exponential random variables
with the same parameter .

(a) Find the joint PDF of (Yy,--- ,Y,), where Y; = X; +--- + X;, Vi€ {1,--- ,n}.
(b) Find the PDF of Y.

m Notethat X1 =Y, X0 =Yy — Yy, - -, X, =Y, — Y,_1.
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Applications

Solution (Continued)

m The Jacobian can be computed as follows.

1 0
1

= o O
@)
)

J(Yh"':)’n): 0 —1 0 0 =1, v(.yl7"'>yn)€Rn

o o0 o0 ... -1 1

m The joint PDF of (Y1, --,Yy) is given as follows.
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Applications

Solution (Continued)

fri, .01, ¥n) = fxi - xa,¥2 = Y1, ,¥n — Yn—1)
=fx, V). (2 —y1) - fx,(Yn — Yn—1)
=ANexp (=Ayn) 1(0<y; <y2 <--- < yp)

m The joint PDF of (Yo, --- ,Y,) is given as:

Y2
Yo, va(¥2, =+ ,¥n) = A fri, v.(y1,- -, yn)dy1

= N"y2exp (=Ayn) 1(0 <yg < -+ < yp)
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Applications

Solution (Continued)

m Similarly, the joint PDF of (Y3, - - ,Y},) is given as follows.

Y3

fvsy Y3, ¥n) = | fro¥s ¥ (V2,¥3,7 - ,Yn)dy2
0
\n 2
= S exp (“ym) 10 <y3 < - <)
m Repeating the process n times, we obtain:
)\nyn—l
n

fv,(yn) = exp(—Ayn)1(yn > 0)

(n—1)!
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