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Probability and Stochastic Processes Lecture 20:



Basics

A random process or a stochastic process X is an indexed collection of random variables
{Xt}teT, all defined on the same probability space (2, F, P).

m The index set T is often interpreted as time, although it need not be.

m If T = N, Z or some collection of consecutive integers, then {X; };c is called a
discrete time random process.

m If T = R or an interval of R, then {X; };c is called a continuous time random process.
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Basics

Practical Examples

m Assume that a meteorologist measures the temperature of a given location at a certain
time of the day. If X; is the recorded temperature of the tth day, then { X} is a
stochastic process. Such processes are often called temporal processes because the
index set is indicative of time.

m Assume that a base station (BS) is located at the origin in an infinite 2D plane, which
transmits signals with a certain power. If S is the signal strength received by an user
located at r € R?, then {S,} e is a stochastic process. Such processes are often
called spatial processes because the index set is indicative of space.

m One can similarly define a spatio-temporal process.
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If w € Q, then {X;(w) }+e is called a realization of the stochastic process {X;}cr, defined
on the probability space (2, F, P).
m If T is interpreted as the time index, then {X;(w) }cr is also called a sample path of
the stochastic process {X;}cr-

Example

Let { Wk }ken be independent random variables defined on the probability space (€2, F, P)
such that P(Wy = +1) = P(Wy = —1) = 0.5,Vk € N. Let Xy = W + - - - + W, Vk e N.
Both { Wi }ken and { Xk }ken are discrete time random processes.
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Figure: Sample paths of {Xx}ken




Basics

Let X = {X; }+eT be a stochastic process on the probability space (2, 7, P). We define the
m mean function px : T — R such that pux(t) = E[X{], Vt € T.
m (auto)-correlation function Ry : T2 — R such that Rx(s, t) = E[XsX{], V(s, t) € T2
m (auto)-covariance function Cx : T2 — R such that V(s, t) € T?,

Cx(S, t) = COV(XS,Xt) = Rx(S, t) = [,Lx(S)/Lx(t)

m nth order CDF Fx, : (R x T)" — [0, 1] such that V(xq,t1, - -+, Xn, tp) € (R x T)",
Fxn(X1,t15- 3 Xn, tn) = P(Xyy < X1, Xy, < Xp).
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A random process {X;} . is called a second-order random process if E[X?] < oo, Vt € T.

m The mean, correlation, and covariance functions are well-defined for a second-order
random process.

Definition

If X = {X;}ie7 is a stochastic process defined on the probability space (€2, F, P) such that
X; is a discrete random variable Vt € T, then the nth order PMF of X is a function

Pxn: (R x T)" — [0, 1] such that px (X1, t1; -« ;Xn, ta) = P(Xey, = X1, , X, = Xn),
V(x1,t1, - X, tn) € (R x T)M
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Definition

If X = {X;}1e7 is a stochastic process such that (X;,, - - -, X;,) are jointly continuous
random variables V(t;,- - - ,t,) € T", then the nth order PDF of X is a function

fxn: (RxT)" — [0,00) such that fx n(x1,t1;- - ;Xn, tn) = fXey o Xay (X1, ,Xn), where
fx., - x,, is the joint PDF of (X, --- ,X,,), and (x1,t1,- -+, X, tn) € (R x T)".

Example

Let X, = A+ Bt + 2, Vt € R, where A, B ~ N/(0, 1) are independent. Find the mean,
correlation, and covariance functions, and the first-order PDF of X = {X;};cg.
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(a) The mean function is ux(t) = E[X;] = E[A] + E[B]t + 2 = 2, Vt € R.

(b) The correlation function is as follows V(s, t) € R2.

Rx(s,t) = E[X,X,] = E[A%] 4+ E[B]st + s*t*> + E[A]E[B](s + t)
+ E[B]st(s + t) + E[A](s> + £2) = 1 + st + st

(c) The covariance function is as follows V(s, t) € R2.

Cx(S, l') = Rx(S, t) = ﬂX(S)NX(t) =1+st
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Solution (Continued)

(d) Note that X, ~ N (2,1 + t2), Vt € R. Therefore, V(x, t) € R?,

fxa(x,t) =

! (x =)
e (s &)

Example

Let U = {Uy}xez be a stochastic process defined on the probability space (€2, F, P) such
that P(Uy = 1) = P(Ux = —1) = 0.5, Vk € N, and Uj’s are independent. Define another
stochastic process X = {X; }tcr such that X; = Us Vt € R. Find the correlation functions
of U and X, the nth-order PMF of U, and the 2nd-order PMF of X.
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(a) The correlation function of U is given below where (s, t) € Z2.

0 ifs#t

%@0=ﬂ@%={1ﬁ5_t

(b) The correlation function of X is given below where (s,t) € R

0 if[s] # L)

s mon - {1218
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Solution (Continued)

(c) The nth order PMF of U is given as follows for distinct integers ki, - - - , ky.

271 if (xq,-- ,xq) € {—1,1}"

X1, K15 Xn, kn) =
Pun(x1; ky k) {0 elsewhere

(d) The 2nd order PMF of X is given as follows.

0.5 if LtlJ = LtQJ, X1 = X9 € {*1, 1}
Pxn(X1,ti;x2,t) = < 0.25 if [t1] # [t2], (x1,x2) € {—1,1}?
0 elsewhere
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Random Walk

Definition

Let Xo, W1, Ws, - - - be independent random variables defined on the probability space
(Q,F,P)suchthat P(Wy=1)=p=1—P(Wy = —1),Vk € N. Let X; = Xy_1 + Wj,
Vk € N. The random process {Xk}keNu{o} is called a random walk with parameter p.

m If p = 0.5, the random walk is symmetric.

m If p 7 0.5, the random walk is asymmetric.

m We will denote the conditional probability P(A|Xy = k) as Px(A) for any A € F. The
notations Ey[-] and Vary|-] are defined similarly.
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Proposition 20.1

If {Xk}ke{o,l,---} is a p-parameter random walk on the probability space (2, 7, P), then
(@) Ex[Xn) =k+n(2p—1),VneN.

(b) Varg[X,] = 4np(1 —p), Vn € N.

(© Pe(Xn=k+j—(n—j)) = (NP1 —p)"J,¥neN.

(d) The following conditional convergences hold.

X X ?
Pk<lim ":2p—1> =1, lim Ey [(" —(2p—1)> ] =0
n—oo n n—o00 n
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Random Walk

Proposition 20.1 (Continued)

(e) The following convergence in distribution holds, Va € R.

lim Py <Xn—n(2p—1) < a) = ®(a)

n—oo

4np(1 — p)

Proof of Proposition 20.1

m Note that E[W;] =2p —1,Vi e N.
m Moreover, Var(W;) =1 — (2p — 1) = 4p(1 — p), Vi € N.
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Proof of Proposition 20.1 (Continued)

Ek[Xn] :E[k+W1+"'+Wn |X0 :k]
DBk + W+ + Wa] =k+n(2p—1)
m Step (a) follows because Xy is independent of Wy, -- - , W,. Similarly,

Varg(X,) = Var(k+ Wi + - - + Wy | Xo = k)
n
— Var(Wi + - + Wn) 2 S Var(W,) = 4np(1 — p)

m Step (a) follows since Wy, - - - , W, are independent.
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Proof of Proposition 20.1 (Continued)

m Since Xj is independent of W;’s, we have:

Pi(Xn=k+2j—n) = (ZW—2]—n>—P<ZW—21—n>

m Note that {>"}_; W; = 2j — n} is the same as the event that j random variables in the
collection {Wy, - - - , W, } takes +1 value and the rest takes —1 value. Hence,

it =k - (1) = ] )L -
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Proof of Proposition 20.1 (Continued)

m Let W, = (W; + --- + W,))/n. Using the strong law of large numbers, we obtain

X _ Kk
Pk<lim n:2p1) :P(lim {Wn+}:2p1)
n—oo n n—o0 n

:P(lim anzp—1>:1

n—oo

m The Ly convergence can be proven as follows. Note that

(ii”— (2p—1)>2] ~E [(Wn—(2p—1)+§)2

Ex
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Proof of Proposition 20.1 (Continued)

m Expanding the quadratic term, we obtain:

2)

B, = B [(n — (2p— )] + 2 (B[]~ (20 - 1)) + 5

(a) k2 () 4p(1—p) K

X, 2
o (p—1
<n (2p ))
:Var(Wn)—l—ﬁ: n ?

m Step (a) uses E[W,] = 2p — 1, while (b) uses the fact that

_ 1 - 1 o
Var(W,) = n—2Var (Z W;) =3 ZVar(Wi)
i=1 i=1
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Proof of Proposition 20.1 (Continued)

m The convergence in distribution can be proven via the CLT. Note that

A Xn_n(zp_l) Wn_(Zp_l) k
NS N i Sk V) I Y AR G PR S
P "( T <“> < I \/4np<1—p>>

m Fix ¢ > 0. Note that Vn > k?/(4€?p(1 — p)), we have the following.

W,—(2p—1) 4. Wo,—(2p—1) .
= <) smsr (o <o

m We get lim__,o+ ®(a — €) < limy00 pn < P(a).
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Gambler’s Ruin

Problem

Let Xo = k be a gambler’s initial wealth and X, n € {1, 2, - - - } denote his wealth at time
n. At time n, the gambler either wins or loses one unit of wealth, denoted by a random
variable W,,. Assume that {W, }ncn is a stochastic process defined on the probability space
(Q, F,P) such that P(W, = 1) = p =1 — P(W, = —1), and W,’s are independent. Find
the probability that the gambler accumulates b > k units of wealth before being ruined,
i.e., his wealth becoming zero.

Solution

m Let S be the event that the gambler accumulates b units of wealth before being ruined.
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Gambler’s Ruin

Solution (Continued)

m Let py = P(S|Xy = k). Clearly, pp = 0 and p, = 1. Moreover, Vr € {1,--- ;b — 1},

pr=P(W1 =1)P(S|Xo =r,W1 =1) + P(W; = —1)P(S|Xo =r, W1 = 1)
= P(W1 = 1)P(S|X1 =r+ 1) + P(Wl = —1)P(S|X1 =r— 1)
=ppr1+ (1 = p)pr—1
m The above relation can also be written as follows Vr € {1,--- ,b — 1}.

1_
Pr+1 —Pr = (pp> (pr —pr-1)
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Gambler’s Ruin

Solution (Continued)

m Since pg = 0, we arrive at the following Vr € {0,1,--- ;b — 1}.

Pri1— P (1_p>rp
1 — = - 1
r+ r p

m Therefore, Vr € {1, - , b}, we obtain the following expression.

r—1 17p i
pr:Z <p> P1

i=0
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Gamler’s Ruin

Solution (Continued)

m Since pp = 1, the final solution is given as follows.

k—1
2i=0

1-p

(5

)

Pk =
b—1
>0

(5
b

;

k
(B lfp:f
p . 1
ﬁ ifp# 3
— D
17 )
\ p
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