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Conditional Independence

Definition
Let X, Y, Z be three discrete random variables defined on the probability space (€2, F, P).

The random variables X, Z are called conditionally independent given Y if the following
holds Vx,y,z € R whenever P(Y =y) > 0.

PX=x,Z=zY=y)=PX=x|Y=y)P(Z=2z|]Y =Yy)
m The above condition is equivalent to the following.
PX=x,Y=y,Z=2)P(Y=y)=PX=x,Y=y)P(Y=y,Z=12), Vx,y,z€ R

m The above condition does not require P(Y =y) > 0.

Probability and Stochastic Processes Lecture 22: Discrete Time Markov Processes



Conditional Independence

Example

Suppose there are two biased coins whose probabilities of occurrence of a head in a toss
are 0.3 and 0.4, respectively. One of these coins is chosen uniformly at random and tossed
twice independently. Let the random variables X1, X> denote outcomes of these tosses (0:
Tail, 1: Head), and Y € {1, 2} denote the index of the chosen coin.

(a) Argue that X7, X5 are conditionally independent given Y.
(b) Show that X7, Xo are not independent.

Solution to Part (a)

m Given a coin, the outcomes of the two tosses are independent.
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Conditional Independence

Solution to Part (b)

m Let the underlying probability measure is P. Note that P(Y =1) = P(Y =2) = 0.5.
m Moreover, P(X; = 1,Xo = 1|V = 1) = (0.3)% = 0.09

m Also, P(X; = 1,Xy = 1|V = 2) = (0.4)2 = 0.16.

m Therefore, P(X; = 1,X; =1) =2 | P(Y=y)P(X; = 1,X; = 1[Y = ) = 0.125.
m Note that P(X; = 1) = 322 P(Y = y)P(X; = 1|Y = y) = 0.35. Similarly,

y
P(Xy = 1) = 0.35. Since, 0.35 x 0.35 # 0.125, we conclude the result.

Conditional independence does NOT imply independence, in general.
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Conditional Independence

Proposition 22.1

Let X, Y, Z be discrete random variables defined on the probability space (2, F,P). If X, Z
are conditionally independent given Y, then P(Z =z|X =x,Y=y) =P(Z=2z|]Y =),
Vx,y,z € R whenever P(X = x,Y = y) > 0. The converse is also true.

Proof of Proposition 22.1

P(Z:Z|X:x’Y:y) — ( X, Yy, Z)

PX=xY=y)
_P(Y:y,Z:z)_ B B
= w =P(Z=zlY=Yy)
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Conditional Independence

Let (X, Y, Z) be jointly continuous random variables. We say that X, Z are conditionally
independent given Y if fy 7y(x, z[y) = fxjy(x|[y)fzv(2]y), Vx,y,z € R whenever fy(y) > 0.

Equivalent Definitions

If (X, Y, Z) are jointly continuous random variables, we say that (X, Z) are conditionally
independent given Y if the following holds Vx,y,z € R.

@) fxyz(xy,2)fy(y) = fx,y(x,¥)fr,z(y, 2).
(b) fZ|X,Y(Z|X7.V) = fZ|Y(Z|.V): whenever fx y(x,y) > 0.
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Markov Chain

Motivating Example

Assume that the weather of a certain region can be either sunny or cloudy. Let the random
variable X, € {1, 2} denotes the weather of the nth day (1 : cloudy and 2 : sunny). Clearly,
{Xn}nen is a discrete time random process. Assume, additionally, that if the nth day is
sunny, then the (n + 1)th day is also sunny with a probability of 0.8. On the other hand, if
the nth day is cloudy, then the (n + 1)th day is also cloudy with a probability of 0.6. Note
the following for this simple weather model.

m X, completely specifies the statistics of X4 1.

m The knowledge of the history (X1, --- ,Xp—1) does not help better predicting the
future X;, 1 if the current weather X, is known.
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Markov Chain
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Markov Chain

Definition
Let X,, be a random variable defined on the probability space (€2, 7, P) that takes values in

S, Vn € N. We say that {X;, }nen is a discrete-time Markov chain (DTMC) with state space
S if Vn,m € N either of the following equivalent conditions holds.

(@) (Xi1,---,Xp—1) and Xp,4; are conditionally independent given X,,.
(b) (X1, ,Xn—1) and (Xp41, - ,Xn+m) are conditionally independent given X,.

m The state space S can be either countable or uncountable.

m For simplicity, we take S = {1, --- , S} in this course.
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Markov Chain

m The conditions (a) and (b) can be mathematically expressed as:

P(Xn+1 = Xn+1’Xn =Xp, - ,X1 = Xl) = P(Xn—H = Xn+1|Xn = Xn)
P(Xn+1 = Xnt+1,"  Xntm = Xn+m‘Xn =Xp, ", X1 = Xl)
= P(Xn+1 = Xnt1, * ,Xntm = Xn+m|Xn = Xn)

where x1,- -+ ,Xp4m € S.

m Although both conditions are equivalent, condition (a) is easier to check in practice.
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Markov Chain

m Markov chains are almost memoryless since the future states depend only on the
current state, not on the history.

m P(X,1 = j|Xn =) is called the (one-step) transition probability from state i to state j.
m The above term, in general, may depend on n as well as on i, j.

m If the above transition probability solely depends on i, j, and not on n, then {X, }pcn is
called a time-homogeneous DTMC.

m This course primarily discusses time-homogeneous DTMCs.
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Markov Chain

m For time-homogeneous DTMC, we denote P (X1 = j|X, = i) = pj.

m P = (pjj)ijes is called the transition probability matrix of the underlying DTMC. If
S ={1,---,S}, the transition probability matrix takes the following form.

pPi1 -+ Ppis
P=1: : :
Pst - DPss
m P is row stochastic since each of its entries is non-negative, and each row of P sums
uptol,ie, Y7 pj=1Vie{l,-- S}
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Markov Chain

For the simple weather model stated before, identify the state space and write the transition
probability matrix.

Solution

m The state space is S = {1, 2}. Moreover, the transition probability matrix is:
0.6 04
b= <0.2 0.8>

m Pj; is the transition probability from state i to state j, where (i,j) € {1, 2}2.
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Markov Chain

Proposition 22.2

Let {X;, }nen be a time-homogeneous DTMC with state space S = {1,---, S}, and
transition probability matrix P. If the underlying probability measure is P, and
am = [77%"), e ,ﬂé")], where ﬂi(") = P(X;, = i), then the following holds, Vn € N.

A1) — (p — () pr

Proof of Proposition 22.2
S

P(Xot1 =J) = Y P(Xap1 = j|Xn = )P(Xa = i)
i=1
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Markov Chain

For the simple weather model stated before, if the weather is sunny with probability 0.3 on
day 1, what is the probability that day 3 is sunny?

Solution

m Clearly, 7" = [P(X; = 1), P(X; = 2)] = [0.7,0.3]. Hence,

2
@) _ 0.6 0.4\ 0.44 0.56
% = (0.7 0.3) (0'2 0g) =07 03)( oo (7y) = (0392 0.608)

m Required probability is 0.608.
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Markov Chain

m What do the entries of P" represent?

m If, initially, the system is at state i, i.e., 77(1) =1 and w,il) = 0, Vk # i, then

i
W(n-f—l) _ 71_(1)Pn _ (Pn)i

m Hence, (P"); = 7rj(n+1) =P(Xpy1 =J).

m (P");; is the n-step transition probability from state i to state j.

m One can show that P" is also row stochastic Vn € N.
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Ergodicity

Let {X, }neny be a DTMC with a finite state space S, and a transition probability matrix P.
If, for some n € N, (P");; > 0, Vi,j € S, then {X), }nen is said to be ergodic.

Proposition 22.3

Let {X,, }nen be an ergodic DTMC with a finite state space S = {1,--- , S} and a transition
probability P. The following results hold.

(a) limp_o0(P");; = mj exists and is independent of i, Vi,j € S.

(b) 1 >0,V €S, and Y7 m=1.

(¢c) m = wP where 7w = [mr1,--- ,7g].
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Ergodicity

m Note that 7 is a valid PMF over the state space S.

m 7 is called the stationary distribution of the underlying ergodic DTMC.
m Note that, for ergodic DTMC, the limiting value of P" has the following form.

’Trl PEEEEY ﬂ's
lim P" =
n—oo

7'('1 .« .. 7'(-5

m In other words, the rows of lim,_,., P" are identical.
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Ergodicity

bample

Find the stationary distribution of the simple weather model stated before.

m The underlying DTMC is ergodic since all entries of P are non-zero.

m Let 7 = (7, m2) be the stationary distribution. We have,

r m) = =) (55 0s)

= (0.6m1 + 0.2m2  0.47; + 0.872)
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Ergodicity

Solution (Continued)

m We get m; = 0.6m; + 0.279, which implies that 7o = 27;.
1 2)
313/
m One can also obtain 7 by computing lim,,_,, P". Note that

m Also, ;1 + w9 = 1, which leads to 7 = (

p5_ 0.34016 0.65984 plo _ 0.3334 0.6666
-~ \0.32992 0.67008 )’ - \0.3333  0.6667

m Each row of P" converges towards 7 = (5, %) as n — oo.
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