Probability and Stochastic Processes: Problem Set 4

Instructor: Prof. Washim Uddin Mondal
Department of Electrical Engineering, IIT Kanpur

Q. 1: Let (2, F) and (S, G) be two measurable spaces. A function X : Q — S is called F/G-measurable if
X~Y(B) € F,VB € G. Let P C G be such that o(P) = G.

(a) Prove that X : Q — S is 7 /G-measurable if and only if X ~1(B) € F, VB € P. You may use an
argument similar to that used in Q. 1 of P. Set 3.
(b) Prove that X : @ — R™ is F/B(R™)-measurable if and only if the following holds Vay, - - ,a, € R.

X" ((a,00) X --- X (an,0)) € F
(c) Let X; : Q — Rdenote an arbitrary real-valued function, Vi € {1,--- ,n}. Define X : Q — R" such
that X (w) = (X1(w), -+, Xn(w)), Yw € Q. Show that the following holds VBy, - - - , B,, € B(R).
X YByx---xB,)=X;"(B)Nn---nX;YB,)

Use the above result to prove that X is F/B(R™)-measurable if and only if X; is F/B(R)-measurable
Vie{l,---,n}.

Q. 2: Let (€2, F) be a measurable space, and X, Y : 2 — R be two arbitrary F-measurable functions. Define
X+Y:Q— Rsuchthat (X +Y)(w) = X(w) + Y (w), Yw € Q.

(a) The density of Q in R states that there exists a rational number between any two distinct real numbers.
Use this property to show that the following set equality holds Va € R.

{(X+Y>at=J {{X>p}m{Y>ap}}
pEQ
Conclude that X + Y is F-measurable.
(b) Define min{X,Y} : Q@ — R such that min{X, Y }(w) = min{X (w), Y (w)}, Vw € Q. Prove that
min{ X, Y} is F-measurable.

(c) Let X, Y be positive-valued functions, i.e., X (w),Y (w) > 0, Vw € €. Define X/Y : Q@ — R such
that (X/Y)(w) = X(w)/Y (w), Yw € Q. Prove that X/Y is F-measurable.

(d) Let X,Y be positive-valued functions, i.e., X (w), Y (w) > 0, Vw € Q. Define XY : Q@ — R such
that (XY)(w) = X (w)Y (w), Yw € . Prove that XY is F-measurable.

Q. 3: The joint probability mass function (PMF) of two discrete random variables X and Y, defined on the
common probability space (2, F, P), is given as follows.
0.3 if (z,y)
0.5 if (x,y) =
pxy(z,y) =401 if (z,y)
0.1 if (x,y) =
0 elsewhere

(a) Compute the marginal PMF of X.

(b) Compute the marginal PMF of Y.

(¢) Are X and Y independent?

(d) Compute E[X], E[Y], and E[XY].

(e) Compute the conditional PMF of X given Y = y where y € {1, 2}.
(f) Compute the conditional PMF of Y given X = x where « € {1, 2}.
(g) Compute the PMFof Z = X 4 2Y.

(h) Compute P(XY < 3).



Q. 4: Let the joint PDF of (X,Y) is fx y. Show that the PDF of Z = X + 2Y is given as follows.

oo

Ix oy (1) :/ fxy(t—2y,y)dy

— 00

Q. 5: Let (X,Y) be a jointly continuous random vector defined on the probability space (€2, 7, P) whose
joint PDF is given as follows.

2 if0<z<y 0<y<l1
fxy(z,y) = {0 elsewhere

(a) Show that fx y is indeed a valid joint PDF.

(b) Compute the marginal PDF of X.

(c) Compute the marginal PDF of Y.

(d) Are X and Y independent?

(e) Compute E[X], E[Y], and E[XY].

(f) Compute the conditional probability P (Y > 0.5|X < 0.5).

(2) Compute P (Y > 2X).

(h) Compute P (X +Y < 1).

(i) Compute the conditional probability P (Y > 2X|X +Y < 1).

(j) Compute the conditional PDF of Y given X = x where z € (0, 1).
(k) Compute the conditional PDF of X given Y = y where y € (0, 1).
(1) Findthe PDFof Z = X + Y.
(m) Find the PDF of Z = X + 2Y.

Q. 6: The joint PDF of X and Y is given as follows.

c(x® —y?e™® f0<z<o0,—r<y<x

fxy(@,y) = {0

elsewhere

(a) Find the value of c.
(b) Compute the conditional PDF of Y given X = x where x € [0, 00).
(c) Compute the conditional PDF of X given Y = y where y € (—00, 00).

Q. 7: Let X; and X5 be independent exponential random variables with parameters A; and A, respectively,
defined on the common probability space (€2, F, P).

(a) Find the PDF of Z = X/ X5.
(b) Compute P(X; < X3).

Q. 8: Let X and Y be two random variables defined on the common probability space (€2, 7, P). Show the
following for two real numbers (s, t).

P(X<s,Y<t)=P(X<s)+P(Y <t)+P(X >sY >1)—1

Q. 9: An ambulance travels back and forth at a constant speed along a road of length L. At a certain moment,
an accident occurs at a point uniformly distributed on the road. [That is, the distance of the point from one of
the fixed ends of the road is uniformly distributed over (0, L).] Assuming that the ambulance’s location at the
moment of the accident is also uniformly distributed, and assuming independence of the variables, compute
the density function of the distance of the ambulance from the accident.

Q. 10: Let W be a gamma random variable with parameters (¢, 3), and suppose that conditional on W = w,
X1, Xo, -+, X, are independent exponential random variables with rate w. Show that the conditional dis-
tribution of W given that X1 = z1, X2 = 2, ..., X,, = 2, is gamma with parameters (t +n, 8 + Y ., ;).



Q. 11: Let X7, X5, X3 be independent Poisson random variables, defined on the probability space (02, F, P),
with parameters A1, A2, and A3 respectively. Show that the joint probability mass function of Y7 = X3 + Xo
and Yo = X5 + X3 is given as follows.

min{m,n}

AR m\ [n Ao \F
PlY, = Y, — — —(M4+A2+23) M A3 | 72
Mi=mYy=n]=e m! n! >k ) \k) s

k=0

where (m, n) are non-negative integers. The above PMF is known as the bivariate Poisson distribution.

Q. 12: Let X and Y be independent random variables, both uniformly distributed over (0, 1). Consider the
random variables R = v/ X2 + Y2 and © = tan~!(Y/X).

(a) What are the support sets of the density functions of R and © (i.e., the range of values of r, § for
which fr(r). fo(6) > 0)?

(b) Calculate the joint PDF of R and ©.

(c) Prove that the marginal PDF of R is given as follows, and verify that it is indeed a valid PDF.

5 fo<r<i1
fr(r) ={ 2rsin™! (%) - ifl1<r< V2
0 elsewhere

(d) Show that the marginal PDF of O is given as follows, and verify that it is indeed a valid PDF.

isec?d  ifHe0, %)

fo(8) =< Lcosec?d ifoe[Z, %)
0 elsewhere

Q. 13: If X and X, are independent exponential random variables, each having parameter A, then show that
the joint PDFof Y7 = X; + Xs and Yy = eX1 is given as follows.

2 .
fvive(y1,92) = {226_@17 ify; > In(ya),y2 > 1
1,12 ]

0 elsewhere

Verify that the above function is indeed a valid PDF.

Q. 14: Define a random variable T' = Z//Y /n, where Z ~ N'(0,1), and Y ~ x? are independent.
(a) Obtain the conditional PDF of T" given Y = y, where y > 0.
(b) Obtain the joint PDF of (7,Y).

(c) Show that the PDF of T is given by the following expression. This is known as the ¢-distribution with
n-degrees of freedom. This has important applications in statistical inference.

D(e) (L e\
fﬂﬂ—me@)G+n> o<t <o

Q. 15: Answer the following questions.

(a) Let X and Y be two random variables such that Y = a + bX. Show that

+1 ifb>0

pLY) = {—1 ifb <0

(b) If Z ~ N(0,1), then show that Cov(Z™, Z"™) = 0 where m is odd and n is even integer.

(c) Let X and Y be independent random variables with means i1, o and variances o7, o3 respectively.
Show that E[(X — Y)?] = (u1 — p2)? + 02 + 02.

(d) Let Z ~ N(0,1) and Y = a + bZ + cZ?. Show that p(Y, Z) = b/v/b? + 2c2.

(e) Show that the following holds for any two random variables X and Z.

E [(X - E[X|Z])2} —E[X?]-E [(E[X|Z])2}



Q. 16: Let X and Y be Bernoulli random variables defined on the common probability space (2, F, P), i.e.,
they take values in {0, 1}. Prove that if X and Y are uncorrelated, then they must be independent. This is one
of the few examples where zero correlation implies independence. This implication is not true in general.

Q. 17: Answer the following questions.

(a) Show that Cov(X,Y) = Cov(X, E[Y|X]).

(b) Show that if E[Y'| X] is a constant function of X, then X, Y have zero covariance.

(c) Show thatif X, Y are identically distributed but not necessarily independent, then Cov(X + Y, X —
Y)=o0.

(d) Let {(Xj, Yj)}éz1 be independent and identically distributed random vectors. Note that X;, Y} can
be dependent. However, X; and Y}, are independent when j # k. Define the following parameters.

E[XJ] = KX, E[Y;] = My, Var[Xj] = U%{v Var[Y}] = J%’v ,D(X],Y;) = PXY

Compute p (Zé’:l X;, 22:1 Y]> in terms of the above parameters.

Q. 18: The number of people who enter an elevator on the ground floor is a Poisson random variable with
mean \. Assume that there are NV floors above the ground floor and that each person is equally likely to get off
at any one of the IV floors, independently of where the others get off. Let X denote the number of people who
enter the elevator on the ground floor, and S denote the number of stops the elevator makes before discharging
all of its passengers. Our goal is to obtain E[S]. Let Vj € {1,--- , N}, the random variable I; be defined as:

| 1 if at least one person gets off at the jth floor
7710 if no one gets off at the jth floor

(a) How are S and {I; }é\,:1 related?

(b) Compute E[I;|X = kJ.

(c) Using the linearity of the expectation operation, compute E[S|X = k].

(d) Show that E[S] = N (1 — e~*/N). What is the limiting value of E[S] as N — 0c0?

Q. 19: Assuming that X, Y are jointly continuous random variables, answer the following questions.

(a) Find the value of a that minimizes E[(a — X)?].
(b) Find the values of a and b that minimize E[(a + bX — Y)?].
(c) Find the values of a, b, and ¢ that minimize E[(a + bX + c¢X? — Y)?].

Q. 20: Let X ~ N(0,1) and I ~ Bernoulli($). Assume that X, I are independent. Define:

X iflI=1
Y= {—X ifI=0
(a) Show that Y ~ N (0,1). Are Y and I independent?
(b) Show that Cov(X,Y) = 0.

Q. 21: Let X, Z be independent, X ~ N (p, 1), and Z ~ N(0,1).

(a) Show that E[®(X)] = Pr(Z < X) where ®(-) denotes the CDF of Z.
(b) What is the PDF of X — Z?
(c) Show that E[®(X)] = ®(u/V/2).

Q. 22: Suppose that Y is uniformly distributed over (0, 1), and that the conditional distribution of X given
Y = y is uniform over (0, y), where y € (0,1).

(a) Find the PDF and CDF of X.

(b) Find E[X] and Var(X).

(c) Obtain Cov(X,Y).



Q. 23: The conditional covariance of X, Y, given Z is defined as follows.
Cov(X,Y|Z) =E[(X — E[X|Z]))(Y — E[Y|Z2))|Z]
(a) Show that the conditional covariance can be expressed as follows.
Cov(X,Y|Z) = E[XY|Z] — E[X|Z]E[Y|Z]
(b) Establish the following equality.
Cov(X,Y) =E[Cov(X,Y|Z)] + Cov (E[X|Z],E[Y|Z])
(c) Substitute X =Y in the above relation, and prove the following.

Var(X) = E [Var(X|Z)] + Var (E[X]|Z])

Q. 24: Let (2,2, P) be a probability space where Q = {a, b, c}, and P : 22 — [0,1] is such that P({a})
= P({b}) = 0.25, and P({c}) = 0.5. Define two random variables X, Y on (£, 2%, P) such that:

1 ifw=a I ifw=a
X(w) = - Yw)={2 ifw=
() {2 ifw e {b,c} @) ; ;z J;

(a) Write the joint PMF of X and Y. Are X, Y independent?

(b) Compute p(X,Y).

(c) Express E[X|Y] as a function from 2 to R. In other words, compute E[X |Y](w) for w € Q.
(d) Show that E[E[X Y]] = E[X] using the above result.

(e) Show that E[X|Y] and E[X|Y"®] denote the same random variable.

(f) Obtain o(Y) (the o-algebra generated by Y') and show that it is identical to o(Y3).

(2) Consider the event A = {a, c}. Compute the conditional expectation E[X | A].

(h) Express Var(X|Y) as a function from 2 to R.

Q. 25: Let X and Y be two random variables defined on the common probability space (€2, F, P). The moment
generating function (MGF) of X is given by Mx (t) = exp(2e’ — 2) and that of Y by My (t) = (3¢ + 1)°,
vt € R. Compute the following quantities if X, Y are independent.

(a) E[XY]

(b) P(XY =0).

) P(X+Y =1).



